ABSTRACT
INTRODUCTION
The evaluation of ASER performance for both coded and uncoded wireless transmissions over fading channels is often carried out in two steps: First, an exact or approximate formula for the conditional error probability (i.e., error rate performance in a fixed channel realization perturbed by additive white Gaussian noise) is obtained, which is a function of both the random received signal-to-noise-ratio (SNR) γ and the choice of modulation/detection scheme. In the second step, the conditional error probability (CEP) is averaged over the probability density function (PDF) of the SNR for a specified fading environment, viz., corresponds to the mean link SNR and h is the fading shape parameter associated with the fading density function ( ; , ) f h γ γ Ω . In general, efficient evaluation of the averaging problem described in (1) can be carried out via one of the four cases listed below:
Case I: Use exact expressions for both the CEP ( | ) s P ε γ and PDF ( ; , ) f h ( ; , ) f h γ γ Ω . Although the results obtained via Case I and Case II can be highly accurate, the application of such approaches for ASER analysis of CAF diversity systems is a daunting task, which can be attributed to the difficulty associated with the determination of the exact PDF ( ; , ) f h γ γ Ω in a generalized fading environment. For this reason, most of the existing "exact" results for cooperative non-regenerative diversity systems were limited to either Rayleigh [1] - [3] or Nakagami-m channels with independent and identically distributed (i.i.d) diversity paths [4] . However, this may not be a good representative of the practical operating environments since signal transmission over distinct wireless links may experience different amount of fading and undergo different propagation paths before arriving at the destination node. In [5] , Ribeiro et. al. developed an asymptotic expression for CAF diversity systems that employ BPSK modulation in Rayleigh and Rice fading channels (although all their results were limited to only Rayleigh fading) using an asymptotic analysis technique similar to that developed in [6] for noncooperative diversity systems. The key idea here is to approximate the PDF of each of the independent wireless links as 2 1 t t γ (i.e., Case III), where 1 t and 2 t are parameters specific to the chosen stochastic channel model. Whereas in [7] , Ma et. al . extended the analysis in [6] to a wide range of digital modulation schemes that employ a generalized selection combining diversity receiver (but for non-cooperative network). In [2] and [8] - [11] , other researchers have developed bounds for the MGF of end-to-end SNR of CAF in Rayleigh [2] [8], Nakagami-m [9] - [10] and Rice [11] fading environments (i.e., Case III).
In this article, we develop a new asymptotic expression for the ASER of CAF diversity systems by approximating the CEP in a "desirable exponential form" (i.e., ( | ) b s P ae γ ε γ − ≈ ) in conjunction with an asymptotic approximation of the PDF of SNR of the relayed diversity path (Case IV). The resulting closed-form ASER formulas are applicable to wide range of digital modulation schemes (i.e., not restricted to BPSK as in [5] ) and fading environments (including mixed-fading scenario). Interestingly, our results are much more general and more accurate especially in less severely faded channel conditions than the corresponding formulas presented in [5] yet preserves the low-computational complexity for evaluating the ASER (i.e., the final ASER formula is in closed-form), which in turn may facilitate system level optimization (e.g., optimal power assignment problem in cooperative relay systems, joint-design of link-adaptive CAF networks, etc.).
RELATED WORK
The new paradigm of cooperative wireless communication has revolutionized the design of emerging wireless networks by exploiting the broadcast nature of wireless transmissions and the inherent spatial diversity in wireless networks (i.e., spatially separated communication nodes in cluster). In particular, this novel communication protocol has the potential to overcome the practical implementation issue of packing a large number of antenna elements in small-sized handheld or portable devices. It is also important to highlight that the classical implementation of multiple-input-multiple-output (MIMO) antenna array to reap the benefits of spatial diversity and/or multiplexing gain requires mobile devices that are currently equipped with a single antenna element to be replaced with an antenna array (to take advantage of higher data rate and reduced transmission error offered by the MIMO technology). With the advent of cooperative communications, such costly changes are no longer necessary as multiple communication nodes in a cluster may collaborate and mimic the operation of a MIMO system with "distributed antenna elements" (i.e., virtual or synthetic MIMO). In other words, cooperative relaying strategies facilitate an evolutionary path for harnessing the benefits of MIMO technology with existing small form-factor hand-held devices that are not equipped with an antenna array (e.g., cell-phones). Besides, the relay nodes afford the sender to communicate to the destination node with reduced transmitter power, and as such it is environmentally friendly (i.e., green communications) and may also reduce the security concerns in tactical wireless networks by ensuring a low probability of detection and interception of the transmitted waveform. Cooperative relaying architecture also offers a modular and flexible solution to meet a prescribed design objective (e.g., data rate, error rate, energy constraint, etc.) and quality of service assurance and thus, it is very attractive for a wide range of wireless applications including battlefield communications, first-responder and disaster management networks, cellular communications, wireless sensor networks, vehicular/mobile ad-hoc networks, satellite and deep-space communications, among many others.
The concept of relay communication itself is as old one, but recent advances in digital signal processing have made the implementation of various cooperative relaying protocols feasible. The introduction of the practical cooperative relaying protocols by Laneman et. al. [12] , [16] has resulted in a surge of research interests in field of wireless cooperative relaying. Over the last eight years, many contributions have been made on the design, implementation and performance analysis of cooperative diversity systems. In general, cooperative diversity protocols can be classified into one of three main categories, namely decode-and-forward, amplify-and-forward and compress-and-forward protocols [12] , [16] - [20] . In the decode-andforward (DF) relaying protocol, the relay nodes decode the transmitted information and forward only correctly received information towards the destination. This protocol requires the relay to have same processing capability as the receiver, and therefore increases the delay and complexity of the relay nodes. In the compressed-and-forward technique, the relay only retransmits the quantized version of the source-transmitted signal. Based on the available channel state information (CSI), the relay re-encodes the signal to match the prevailing channel condition and the destination can further exploit the diversity from different encoding schemes of signal employed by source-destination and relay-to-destination to achieve higher data rate and more reliable communication. In the amplify and-forward protocol, the complexity of the relay node can be dramatically reduced as it only need to amplify the received signal and forwards it to the destination node. Since the relay does not decode the received signal, it reduces the security risk in case the relay node is compromised. However, in this protocol the error in source-to-relay message is also amplified and transmitted to the destination which increases the overall end-to-end error probability. Other variations of cooperative relaying strategies include opportunistic, incremental, variable-gain and fixed-gain (either blind or semiblind) relaying schemes that are based on the availability of CSI and the number of active participating nodes for information relaying [12] , [14] - [20] . In this article, we primarily focus on variable-gain cooperative amplify-and-forward (CAF) relaying strategy although the analysis may be extended to other categories and variations of cooperative relaying strategies.
The literature dealing with the performance analyses of cooperative relay networks are quite extensive that focus on various performance metrics such as average symbol or bit error rates, ergodic/outage capacity and ergodic and outage capacity (see [1] - [12] and [14] - [34] , and references therein). The performance analysis of DF relaying is relatively more mathematically tractable than that of CAF relaying (e.g., [21] - [27] ). However, the analysis of CAF relay can be slightly more involved due to the difficulty in obtaining a tractable statistics of the instantaneous total received SNR at the destination node such as the PDF, cumulative distribution function (CDF), and moment generating functions (MGF) of end-to-end signal-to-noise ratio (SNR). In fact, the exact closed-form statistics of end-to-end SNR is only known for Rayleigh and Nakagami-m fading with diversity relay path having i.i.d fading statistics [1] - [4] which may not be a representative of realistic operational and propagation environments. In order to extend the performance analysis to other fading environments, (e.g. Rice fading) with non-identical statistics, bounds for the PDF, CDF and MGF of end-to-end SNR have been developed [8] - [12] . The statistics of end-to-end SNR bound has been used for the computation of ASER, outage capacity, outage probability and spectral efficiency in many articles [8] - [12] , [29] - [34] . However, the statistics of SNR bound is channel specific and can sometimes be complicated for certain fading channels (e.g., mixed-fading, Nakagami-q, composite-fading, etc.). Also, their application in performance analysis may not always result into closed-form solutions. To overcome this limitation, [5] introduced an asymptotic analysis approach based on the framework for non-cooperative systems outlined in [6] - [7] to develop simple closed-form expression for the ASER of CAF relay system in a Rice fading environment, although their results are only limited to a Rayleigh fading environment. This work was later extended to Nakagami-m fading channel in [14] . The asymptotic analysis although very simple, does not give accurate representation of the exact analysis especially in the low SNR regime and when the channel experience less severe fading. But the low SNR regime is of particular interest since cooperative diversity is likely to be employed to boost the system performance in this region (and not in the high-SNR regime)! In this article, we develop a highly efficient asymptotic expression for the MGF of end-to-end SNR of CAF relay system. This expression is shown to be more accurate than the asymptotic analysis [5] , [14] and even the upper and lower bound expressions [8] - [11] while closely approximating the exact MGF expression for the end-to-end SNR [1] - [14] , [15] . This asymptotic MGF expression is then used to evaluate the average symbol error rate (ASER) of CAF multi-relay system using the MGF method in [13] . In order to take advantage of the expression in [13, Eq. (1.10)], we simplify the usually single integral form (in case of M-ary phase shift keying (MPSK) modulation) or Q-function type (in case of M-ary quadrature amplitude (MQAM) modulation) CEP expressions by expressing them in desirable exponential form using a mean square error optimization routine. Hence, our final ASER formula is only expressed as a weighted MGF function evaluated at certain arguments (corresponding to a specific digital modulation). The proposed closed-form ASER expression can be readily applied for further system-level optimization (e.g., optimum power allocation, optimum relay node placement, and cross-layer design for throughput maximization) which is of interest for optimizing the emerging mobile wireless and sensor networks.
APPROXIMATE CONDITIONAL SYMBOL ERROR PROBABILITY
In this section, we summarize the approximate CEP in a desirable exponential form
) with constants a and b, which are obtained using a minimum mean square error (MMSE) criterion for curve fitting of the exact CEP expressions in second column of Table 1 and Table 2 . The optimization equation can be written as
where J is the number of points used in the MMSE minimization. This particular exponential form for the CEP facilitates the averaging problem over the PDF of SNR since the resulting expression is simply the MGF of SNR (i.e., Laplace transform of the PDF). Table 1 and Table 2 summarizes the values for our optimized coefficients a and b of our approximate CEP formula for a wide range of coherent, differentially coherent and noncoherent digital modulation schemes. The tightness of approximate CEP formulas is depicted in Fig. 1 through Fig. 3 . It is obvious that our exponential form closely approximate the exact CEP especially for MPSK and MQAM modulation schemes. In order to obtain optimized coefficients a* and b* for each modulation scheme, the curve fitting is done over a practical range of SNR. In our case, the range of SNR and the number of points for each modulation scheme with constellation size M are summarized below: The number of sample measurements J (for curve fitting) and the range of SNR should not be chosen to be too large as a wider range may lead to higher accuracy at the higher SNR values but with an unacceptable level of error predictions at the lower SNR values. The values for a and b in our exponential-type CEP formula (in closed-form) may be optimized for other ranges of SNR as well in a straight-forward fashion, but we believe that the optimized coefficients summarized in Table 1 and Table 2 are adequate for our applications. Table 1 . Exact and approximate CEP for coherent modulations.
Modulation
Exact CEP ( | ) Table 2 . Exact and approximate CEP for non-coherent and differentially coherent modulations. 
ASYMPTOTIC ASER ANALYSIS FOR CAF RELAY SYSTEM
This section details our approach for deriving a tight asymptotic ASER of 2-hop CAF multirelay networks over generalized fading channels. The non-cooperative diversity case is first studied and subsequently, our analysis is extended to 2-hop multi-relay CAF networks.
No Relay (Source to Destination Link) Case
Using our exponential-type CEP approximation in Table 1 and Table 2 , it is straight forward to show that the ASER is given by ( ) ( ; )
since the resulting averaging expression is simply the Laplace transform of the PDF of SNR.
Example 1: For the sake of clarity on the efficacy of approach even for the non-cooperative diversity case, next we will illustrate various approximations and asymptotic formula for BPSK modulation over a Nakagami-m channel. Using our CEP approximation approach, we obtain ( )
where a = 0.1669 and b = 1.0493 for BPSK from Table 1 , and m denotes the fading severity parameter. Similarly, an asymptotic approximate ASER is given by replacing the MGF with its corresponding asymptotic MGF. The exact and asymptotic MGF for all common fading models are listed in Table 3 .
The corresponding exact ASER of BPSK in Nakagami-m channel is given by [13] / 2 2 0
Moreover, using the asymptotic analysis technique proposed in [6] , we obtain
Our approximation for the ASER (4), the exact ASER formula (5), and the asymptotic ASER (6) are compared in Fig. 4 for several values of the fading severity index (i.e., m = 0.5, 1, 2 and 4). Although the asymptotic approximation (6) performs better than (4) in severely faded environments, we observe that our approach is very good at moderate and large values of m. The gap at small m values is mainly attributed to the CEP approximation in closed-form since the MGF of SNR is exact. Thus we anticipate that a tighter ASER approximation may be derived if one or additional exponential terms are considered to approximate the CEP in (2). It is also apparent from Fig. 4 that unlike the asymptotic ASER (6) case, the curves corresponding to the approximate ASER technique (i.e., Eq. (4)) follows the trend of the exact ASER case for entire range of mean received SNR/symbol. Hence, this particular form is particularly attractive for evaluating the ASER outage metric (which is defined as the probability that the actual ASER does not meet its target ASER value) in a shadowed fading environment since (4) is invertible with respect to its mean received SNR Ω. Although not shown in Fig. 4 , we also observed that the curves from the approximate ASER given by (3) in conjunction with the asymptotic MGF on Table 3 yields comparable performance with that of (6) especially at higher values of m. Thus, our approach to the derivation of an accurate unified ASER expression (in closed-form) also naturally leads to yet an alternative asymptotic ASER formula for different digital modulations over generalized fading channels. 
Two-Hops Cooperative Amplify-and-Forward Multi-Relay Networks
It has been shown in [8] that the total end-to-end received SNR of a two-hop CAF diversity system with N relays (assuming a maximal-ratio combining receiver) is given by source-destination link, source-relay link and relay-destination link, respectively. However, it has been recognized in the literature that the evaluation of the PDF of harmonic mean SNR (7) is very challenging and the exact 1 PDF of CAF relayed path is only available for either the Rayleigh [1]- [3] or Nakagami-m channels with i.i.d fading statistics [4] . Bounds such as
have also been developed to overcome the analytical difficulty of finding the desired PDF with independent but non-identically distributed (i.n.d) wireless links in Nakagami-m [9] [10] and Rice [11] channels or to simplify analysis in Rayleigh fading [2] [8] .
For the sake of illustration, let us first consider a CAF network with a single relay (N = 1). In this case, the effective end-to-end SNR is given by ,1 1, , ,
The cumulative distribution function (CDF) of 1 γ has been shown in [10] to be upper-bounded by the CDF of , , min( , )
Since the values of 
Then using the exponential approximation of CEP in (2), it is straight-forward to show that the end-to-end ASER of a two-hops CAF relay system with direct source-to-destination transmission can be approximated as 
It is rather straight-forward to extend our asymptotic analysis for N cooperating relays. It this case, the ASER is given by
and for the i.i.d. case, we obtain 1 To the best of our knowledge, all previous work for the 'exact' PDF of the relayed path is computed as , ,
, which becomes very accurate for large SNR. 2 It is pointed out that a slightly tighter approximation for the MGF In the following, we will discuss the efficacy of our asymptotic approximation technique for the ASER of CAF networks by comparing it with other known approximations, asymptotic formulas and bounding methods for coherent BPSK modulation scheme (only chosen for illustrative purpose) over Rayleigh, Nakagami-m and Rician channels.
The exact ASER is given by [2, eq. (6) It is also important to note that the asymptotic formula, [5, eq. (32) This problem, however, has been addressed in [14] . To obtain a more general solution, we develop an alternative asymptotic formula similar to [5] for generalized fading channels using our approximation in (10) 
However, for the special case of i.n.d fading statistics where all channels has same fading index but different average SNRs, the above integral can be further simplified into a closed-form expression, viz., Table 3 . Interestingly, (18) reduces to the same expression as in [5, eq. (33) ] (after correcting 3 a typo) for the i.n.d Rice case. Thus, our asymptotic formula (18) can be viewed as a generalization of [5] since it also encapsulates the Nakagami-m case (hereafter, referred to as 'modified RCG' method). Table 1 ]. Bounding technique based on upper and lower bounds of the effective SNR [8] - [11] will also be presented to validate the accuracy of our approach. The MGF for upper bound of the effective SNR of two-hop relayed path can be expressed as [10, eq. (11)]
and the lower bound is given by ( / 2) i s γ φ % . For this case, the ASER will be evaluated as (i.e., to mask out the effect of CEP approximation in (13) Fig. 5 and Fig. 6 compare the curves corresponding to bounding and asymptotic analyses methods discussed in the above example over Nakagami-m channels (m = 1 and 3) with either a single relay with i.i.d fading statistics or two relays with independent but non-identically distributed (i.n.d) fading statistics, respectively. While our approximation (13) is much closer to the "upper bound" case (as evident from Fig. 5 and Fig. 6 ), it performs considerably better than any other approximations or asymptotic analysis especially at low mean SNRs and at higher values of the fading severity index. This observation is very interesting given that cooperative transmission schemes are typically employed to decrease/conserve the transmit power at the source, and thus the performance in the low SNR regime is of particular interest. Besides, our ASER formula (13) is in closed-form, and can handle many fading environments that heretofore resisted a simple solution (e.g., mixed-fading environments, composite-fading, etc.)! Example 3: (Rice channel) Consider a CAF network with BPSK modulation in a Rice (Nakagami-n) fading environment. In this case, the "exact" expression for the MGF of SNR for the relayed path presented in [15, Eq. (5) and Table 1 ] does not appear to be numerically stable or efficient (due to the need to perform numerical integration of product of two infinite series). Thus, the bounding technique [11] and asymptotic analysis [5] appear to be the only known viable analytical tools for the ASER analysis. In order to provide a comprehensive performance comparison, we also generated ASER curves corresponding to the Monte Carlo simulations in Rice channels. The MGF of SNR (upper bound) for the relayed path with two-hops has been derived in [11] and is given by ( )
where ( 2   0  2  2  2  2   2 2  2  2  2(  )  2   1  [ , , , ] , , while the curves corresponding to the asymptotic analyses approaches will be generated using (18) (i.e., modified RCG method) or using (13) (i.e., our approach). Fig. 7 and Fig. 8 compare various approximations and bounds for the ASER of CAF in both Rayleigh (K = 0) and Rice channels (K = 3). The utility of our approximation (13) in this problem is evident, especially at the lower mean SNR values. Thus, one may confidently utilize (13) for system-level optimization of cooperative relay networks (i.e., owing to its simplicity as well as for predicting ASER with a good accuracy) to address important issues such as joint optimization of power allocation and relay placement in wireless sensor networks and/or cellular network with sparsely distributed base-stations.
Although the results in Fig. 4 through Fig. 8 were generated for BPSK modulation, the trend as well as the complexity for evaluating the desired ASER for higher order modulations using (13) is expected to be the same as that for BPSK (because we only need to choose an appropriate values for a and b from Table 1 and Table 2 ). As an example, Fig. 9 depicts the ASER performance of CAF that employ a single cooperating relay in a Nakagami-m environment with i.i.d fading statistics. The trends (in terms of the tightness of the curves) are similar to that of observed in Fig. 5 , as expected. 
SYMBOL ERROR OUTAGE PROBABILITY
The symbol error outage out P is defined as the probability that the instantaneous error rate will exceed a specified target value * e P [36] . This is equivalent to the probability that the instantaneous end-to-end received signal SNR at the destination node falls below a predetermined threshold γ * (which is specific to the chosen modulation), viz.,
Since the evaluation of the PDF of end-to-end SNR in CAF relay networks with maximal-ratio combining diversity receiver is generally cumbersome, it is much more convenient to the evaluate its CDF from the MGF using a robust Laplace transform inversion technique such as the fixed-Talbot method [38] as
where 1 − ℑ (.) denotes the inverse Laplace transform. Readers are referred to [38] for additional details on the multi-precision Laplace inversion method. where the coefficients a and b for a number of digital modulation schemes are listed in Table 1  and Table 2 . For instance, (a = 0.6253, b = 0.1061) and (a = 0.5008, b = 0.0405) for 16-QAM and 16-PSK respectively, which are used to generate the corresponding curves in Fig. 10 . To generate the curves corresponding to the exact analysis, we employ Monte Carlo simulation technique with 10 6 samples since an exact MGF of end-to-end SNR in Rice fading is not available. In this case, the threshold γ * for M-PSK and M-QAM modulation schemes are obtained via (27) and (28), respectively [38, 
where Q -1 (.) denotes the inverse of Gaussian Q-function. It is evident from Fig. 10 that even with two approximations (one from the CEP and the other from the MGF of SNR relayed path), our analytical approach still closely approximates the exact symbol error outage performance curves obtained via Monte Carlo simulation. ) and mean received SNR/symbol, as anticipated. At higher mean channel SNR/symbol (> 15 dB), the SNR penalty for 16-PSK with respect to 16-QAM is approximately 5 dB. Fig. 7, Fig. 8 and Fig. 10 also highlight the utility and versatility of our proposed analytical technique to yield an accurate performance prediction of CAF relay networks in a Rice fading environment, which hitherto had resisted a simple analytical solution. For example, we could not directly evaluate the desired outage probability using [38, Eq. (7) or (8) ] in conjunction with (23) since most mathematical software packages such as MATLAB and MATHEMATICA do not have a built-in function for the generalized Marcum Q-function with complex arguments. But our approximate MGF formula does not contain any special mathematical functions or pose similar restrictions, and thus it may be readily used with [38, Eqs. (7) - (8)] to compute the desired symbol error outage.
CONCLUDING REMARKS
In this article, we have developed an accurate exponential-type approximation for the CEP of a broad class of coherent, differentially coherent, and non-coherent digital modulation schemes and a novel asymptotic MGF formula for the end-to-end SNR in a CAF relayed path over generalized fading environments with i.n.d fading statistics. We also develop a unified expression for the ASER of CAF relay networks (i.e., Eq. (13)) in closed-form. In particular, our MGF-based approximation framework yields considerably better predictions of the actual ASER compared to the modified RCG method at the low-SNR regime and at higher values of fading severity indices, while being easier to program and evaluate when compared to the existing bounding techniques or exact expressions (when available). Moreover, our simple and elegant closed-form ASER formula may be further exploited for system-level optimization such as optimal power allocation problem in cooperative relay networks and link-adaptive CAF wireless network design. These extensions along with the asymptotic analysis of multi-hop multi-relay CAF networks will be pursued as part of our future work.
